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Wavelet analysis of processes and fields Brownian motion

Definition
A stochastic process B = {B(t), t > 0} with real values is a brownian motion if
©® B(0) = 0 almost surely
® The increments of B are independent
@® B has stationary increments and B(t) — B(s) ~ N(0,t — s) forallt > s >0
@ Sample paths of B are almost surely continuous.
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Wavelet analysis of processes and fields Brownian motion

Theorem (Construction via the Schauder basis)
Let ) the Haar wavelet and A defined as its primitive

A(w)=/ Y(t)dt =91 -z ifl/2<z<]1
0 .
0 otherwise

Letx, Xk, j €N, k €{0,...,27 — 1} LI.D. random variables of law N (1, cc). For all
t € [0,1], one sets

+o0 29 —1
B(t)=> Y xju2 7 PA2t — k) + xt.

=0 k=0

Then B = {B(t), 0 < t < 1} is a brownian motion on [0, 1].
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Wavelet analysis of processes and fields Brownian motion

Proposition
The Brownian motion is self-similar, that is

Byt 1 al/th
and its covariance operator is
. 1
K(t,s) = min(s,t) = §[s+t— [t — s]]

Theorem (Regularity of the sample paths)

The sample paths of the brownian motion belong locally a.s. to C*/2~¢ for all e > 0.

Theorem (Irregularity of the sample paths)

The sample paths of the brownian motion a.s. do not belong locally to C'/2.
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Wavelet analysis of processes and fields Extension to fractional brownian motions

© Generalities on stochastic processes

@® Synthesis of Random wavelet series

® Wavelet analysis of processes and fields

Extension to fractional brownian motions
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Wavelet analysis of processes and fields Extension to fractional brownian motions

Definition
The fractional Brownian motion (fBm) is defined equivalently, for H € (0, 1) by
© BY is a centered Gaussian process such that

1
Vs, t e Ry, K(s,t) = §[s”’ + 20 |t — s?H]

® B is defined by its harmonizable representation

it 1 ~
H e
ol = [ a9

® DBy is the unique self-similar gaussian process with stationary increments

BTN W Hp, o >0,teR,

B. Vedel (Université de Bretagne Sud) Random wavelet series Chemnitz, Septembre 2024 5/32



Wavelet analysis of processes and fields Extension to fractional brownian motions

@ Decomposition in vaguelets of the fractional brownian motiin : Meyer, Sellan,
Tagqu

® Regularity and irregularity properties for fBm : it is monofractal of value H — e.

@® Recent results on slow and rapid points : Esser and Loosveldt (2022)
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Wavelet analysis of processes and fields Extension to fractional brownian motions

Extension of Kahane’s result on the bronwian motion : Almost surely,
> almost every ¢ € [0, 1] is an ordinary points, i.e.

0 < limsup [X(t) — X(s)|

< 400
s—t [t — s|H/log(log(|t — s|~!

> There exists a dense set of rapid points ¢ € [0, 1], i.e.

0 < limsup [X(t) — X(s)|

< +0o0
s—t [t — s|H/log(|t — s|~!

> There exists a dense set of slow points ¢ € [0, 1], i.e.

0 < limsup w

< 400
s—t |t - 3|H
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Two gaussian self-similar extensions
» Fractional Brownian field Y of Hurst index H € (0, 1) (Levy fBm)
® covariance function

E(YY) = Covar (P + I[P = Il = y 1)

® harmonizable representation

g 1
v = / ¢ - 1dW(§)
R

N
Al [

® isotropic self-similar field with stationary increments
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Two gaussian self-similar extensions
» Fractional Brownian field Y of Hurst index H € (0, 1) (Levy fBm)
® covariance function

E(YY) = Covar (P + I[P = Il = y 1)

® harmonizable representation

i(x,€) _ .
v [ W)
R

N lglirE
® isotropic self-similar field with stationary increments

» Fractional Brownian sheet S™ of Hurstindex H = (Hy, ..., Hy) € (0, 1)

® covariance function
N

1
E(st;{)zn 3 (|xm|2Hm + |ym|2Hm N — ym|2Hm)
m=1

® harmonizable representation

u N oiwmbm ]
Sx = H wa(ﬁ)
RN m=1 |€m| mts

® non-isotropic self-similar field with stationary rectangular increments
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Rectangular increments of a field X

AX($1,®2)§(y1’y2) = X(I1+y1,®2+y2) - X(y1,1’2+y2) - X(w1+y1,yz) + X(yl,yz)

Stationary rectangular increments
{AXa,H } (i) {Xa,H }
(1,22)5(y1,y2) S (21,22)€RZ = (z1,@2) S (21,22)ER?
Tensorized structure and rectangular increments
(ei(mlJrhl)El _ 1)(ei(l‘2+h2)52 _ 1)_ (6”151 _ 1)(ei(ﬂ72+h2)€2 _ 1)

_ (ei(xl-i-hl)& _ 1)(eiib2€2 _ 1) + (eix1§1 _ 1)(ei$2§2 _ 1)

— (ei(z1+h1)€1 _ eizlﬁl)(ei(erhz)fz _ ei®2§2)

Gaussian self-similar field with stationary rectangular increments different to fBs ?
— Makogin and Mishura (2015) : construction via a covariance function
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Extension to gaussian fields : wavelet analysis
Brownian field vs brownian sheet

Brownian field
e Self-similar
e Stationary increments

e Harmonizable representation :

H _ i(x1$>_1 <=7
= Jon S S AW ()
e Covariance function :
C, (|17 + [y |2 — |lx — y[|*")
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Random wavelet series

Brownian sheet
o Self-similar
e Stationary rectangular increments
° Harmonizable representation :

= e T S AW(E)
e Covariance function :
15 (™ + lym | — \zm

ym|2H)
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Anisotropic extensions
Operator scaling :
VYa > 0,

X,oy

@ af’ X (ax)

with D = diag(B, ..., B4) and aP = (a®1,a?, ..., dP4).

Operator Scaling Gaussian Fields
e Harmonizable representation

H i(x,8) _q
\/ézv = Llﬁ£2 7 £ P
£1]B8 +|&| =P YH+1

dW (€)
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Multifractional brownian sheet
e Harmonizable reprentation

eiafnlgrn —1

Yt = fRQ Hm:1 lE—mleJr%
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Function spaces

e Sobolev, Besov spaces in 1D :
e Two extensions in R? :

Classical spaces

o f € HY(R) iff

£9558 e 2(R?)

e Definitions in the Fourier domain via the
Littlewood-Paley Analysis

e Classical Wavelet Analysis in R?

e Anistropic function spaces

B. Vedel (Université de Bretagne Sud)

Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

space with

Dominating mixed smoothness
o f € SHY(R) iff

5 %:’ %57 aajgy € L*(R?)

e Definition in the Fourier domain via the
Hyperbolic Littlewood-Paley Analysis

e Hyperbolic Wavelet Analysis

e Anisotropic function spaces with DMS
(Triebel, Schmeisser, Vybiral, Ullrich)
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Wavelet Analysis
In 1-D : Two functions ¢ and v such that

{o(- — k), k € ZyU{27?¢(27 - —k), j > 0, k € Z}
Classical 2D Wavelet Analysis Hyperbolic wavelet analysis
e The systems, with k1, ko € Z e The systems, with k1, ks € Z
{p(@1 — k1)p(w2 — k2)} {w(ﬁj} k1)o(we — k2)}

{27022 — k)Y(2x — kg), j >0} | {272
{27920 — k1)p(27x — ko), § > 0}
{29922 — k1)Y(2x — ky), § > 0}

(2 xy — k)22 — ko), j1,j2 > 0}
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Wavelet Analysis
How the spectral density behaves compared to the wavelet filtering ?

Brownian field Brownian sheet

100 200 300 400 500 100 200 300 400 500

==l
i
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Wavelet Analysis
How the spectral density behaves compared to the wavelet filtering ?

Brownian field Brownian sheet

Wav. characterizations of the Brownian field | Hyperbolic Wav. characterizations
of the Brownian Sheet
(Ayache, Xiao, 2004)

= Estimation of the Hurst parameter
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Wavelet Analysis
And for the anisotropic setting ?

Brownian field Brownian sheet

Wav. characterizations of the Brownian field H“erbolic Wav. characterizations of the
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Anisotropic Analysis
Replace with anisotropic wavelet basis (Triebel)

= Estimation of the Hurst parameter when the anisotropy is known.
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Anisotropic Analysis
Replace with anisotropic wavelet basis (Triebel)

= Estimation of the Hurst parameter when the anisotropy is known.
Hyperbolic wavelet transforms can "almost” characterize classical and anistropic
Besov spaces

= Hypbolic wav. characterizations of Brownian field and of Operator scaling Gaussian
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

» Hyperbolic wavelet basis :
Uiy oo ks (€1, 82) = V(271 — k1)p(220 — ka),  j1,52 20, ki, ko €Z

(DeVore, Konyagin, Temlyakov, 98) '
'Rectangular supports’ of size 2771 x 2772
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

» Hyperbolic wavelet basis :
Uiy oo ks (€1, 82) = V(271 — k1)p(220 — ka),  j1,52 20, ki, ko €Z

(DeVore, Konyagin, Temlyakov, 98) '
'Rectangular supports’ of size 2771 x 2772

» Hyperbolic wavelet coefficients of f

Cjy,ja,k1 ks = 201z <f7 wjhjz,kl,kz)
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

Theorem (work with P. Abry, M. Clausel, S. Jaffard, S. Roux, and with M.
Schéfer, T. Ullrich)

> If f € C*7(R?) then

. — max(iL, g2
V(i1 g2) U [ejy oo (F)] < C27 (22005 (4

1,R2

B. Vedel (Université de Bretagne Sud) Random wavelet series Chemnitz, Septembre 2024 18/32



Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

Theorem (work with P. Abry, M. Clausel, S. Jaffard, S. Roux, and with M.
Schéfer, T. Ullrich)

> If f € C*7(R?) then

.. — max(iL, g2
V(Jla.h) sup |Cj1,j2,k1,k2(f)| <C2 ax(Fap)s (*)

1,R2

» Conversely, if (x) holds, f € Cfo’gﬁ (R?).
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

Theorem (work with P. Abry, M. Clausel, S. Jaffard, S. Roux, and with M.
Schéfer, T. Ullrich)

> If f € C*7(R?) then

.. — max(iL, g2
V(Jla.h) sup |Cj17j27k1,k2(f)| <C2 ax(Fap)s (*)

1,rk2

» Conversely, if (x) holds, f € Cfo’gﬁ (R?).

» General version of this result for anisotropic Besov spaces :
log (11+]2>q
ENCEDS max( s )sq M1 TI2/9
feBy, = § : 2 Fr25)0ag- €1 2,e,- [l < H00
(j1,J2) ENZ
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

Theorem (work with P. Abry, M. Clausel, S. Jaffard, S. Roux, and with M.

Schéfer, T. Ullrich)
> If f € C*7(R?) then

.. — max(iL, g2
V(Jla.h) sup |Cj17j27k1,k2(f)| <C2 ax(Fap)s (*)

1,R2

» Conversely, if (x) holds, f € Cfo’gﬁ (R?).

» General version of this result for anisotropic Besov spaces :

log (J1+12>q
f < B;:g 02 Z Qmax( B 22y )qu ||c]1’J27 - ”ZP < 400 .

(j1.42)€ENG

» And for Triebel-Lizorkhin spaces.
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Extension to gaussian fields : wavelet analysis
Hyperbolic wavelet analysis

Theorem (work with P. Abry, M. Clausel, S. Jaffard, S. Roux, and with M.
Schéfer, T. Ullrich)

> If f € C*7(R?) then

.. — max(iL, g2
V(]la.h) sup |Cj17j27k1,k2(f)| <C2 ax(Fap)s (*)

1,R2

» Conversely, if (x) holds, f € Cfo’gﬁ (R?).

» General version of this result for anisotropic Besov spaces :

(J1+12>q

1
feByl X S gmax(Zh,2;)sqq— U120 ¢y oIS, < 400 .
(j1,J2) ENZ

» And for Triebel-Lizorkhin spaces.

» The wavelet characterizations of spaces of dominating mixed smoothness
involves a sum instead of a max
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Extension to gaussian fields : wavelet analysis
Weighted tensorized textures

New textures (and new notions of smoothness) between brownian field and brownian
sheet.
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Motivation
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Motivation
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Introduce intermediate “tensorized” gaussian textures (dim 2)

» yielding the fractional Brownian sheet for & = 0 and a field similar to the fractional
Brownian field in terms of regularity for oo = 1.

» keeping some fundamental properties of self-similarity and rectangular stationary
increments

» with an harmonizable representation
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Extension to gaussian fields : wavelet analysis
Fix a € [0,1], H € (0,1) and set
Hf =(1+4+a)H and H, :=(1-a)H

[e%

We define the weighted tensorized fractional brownian field (WTFBF) X by

oK / (eiﬂc1§1 _ 1)(6”262 _ ]_)

B = - AW (&1, &)
@022) 7 Jpa ming |6 ], [€o]} 2o+ 3 max{[€,], |2} H +3
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Fix a € [0,1], H € (0,1) and set

Hf =(1+4+a)H and H, :=(1-a)H

We define the weighted tensorized fractional brownian field (WTFBF) X by

eiz1§1 -1 6im2§2 -1 _
(o;fxg) / . ( H_+l)( ) H++l dw(£17§2)
k2 min{|§1], [€a]} 7 T2 max{|& ], [Eo]} e 2
’Cz;ﬁw)(ﬁl,ﬁz)
> the field is well-defined since its kernel IC&’ ) belongs to L?(R?).

» the Fourier transform of IC?;’ 22) is real, and it implies that the field is real since

/\

Xl = [ K@ @aW e = [ KT (6 )W)

» self-similar of parameter 2H

» stationary rectangular increments, stationary horizontal and vertical increments
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

da=0 ) a=05 Ha=1

Figure — Weighted tensorized fractional Brownian fields with parameters H = 0.3 (a-c) and
H = 0.7 (d-f) simulated using a spectral representation approximation method
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

» Computation of the variance of the rectangular increments

» Variant of Kolmogorov theorem

» Regularity of sample paths

» Irregularity of sample paths using a hyperbolic Meyer wavelet analysis
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Extension to gaussian fields : wavelet analysis
Hyperbolic Littlewood-Paley analysis

> Let 6y € S(R) be a non-negative function supported on [—2, 2] with §p = 1 on
[—1,1]. Forany j > 1, we define

0;=00(277") = 60(270 1))

so that ijo 6; = land supp(6;) C {€¢ e R: 2971 < |¢] < 29H1},
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Extension to gaussian fields : wavelet analysis
Hyperbolic Littlewood-Paley analysis

> Let 6y € S(R) be a non-negative function supported on [—2, 2] with §p = 1 on
[—1,1]. Forany j > 1, we define

0; = 00(277-) — 6o (270 ~1).)
sothat 3°,-,60; = 1and supp(f;) C {£ € R: 2771 < ¢ <271}
> Forany j = (ji,j2) € Nj and any & = (¢1,&2) € R? set
0;5(81,&2) =0, (£1)0;,(&2) -

The function 6; belongs to S(R?)forall j € N(Z), is compactly supported on a
dyadic rectangle and 3 7z 07 = 1.
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Extension to gaussian fields : wavelet analysis
Hyperbolic Littlewood-Paley analysis

> Let 6y € S(R) be a non-negative function supported on [—2, 2] with §p = 1 on
[—1,1]. Forany j > 1, we define

0; = 00(277-) — 6o (270 ~1).)
sothat 3°,-,60; = 1and supp(f;) C {£ € R: 2771 < ¢ <271}
> Forany j = (ji,j2) € Ngand any £ = (&1, &) € R? set
0;5(81,&2) =0, (£1)0;,(&2) -

The function 6; belongs to S(R?)forall j € N(Z), is compactly supported on a
dyadic rectangle and 3 7z 07 = 1.

> For f € §'(R?), we set
Asf=F H0;Ff) .

The sequence (Ajf)jeNg is called a hyperbolic Littlewood-Paley analysis of f.
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Extension to gaussian fields : wavelet analysis
Definition
Forp,q € (0,+0],s € R and « € [0, 1], we define the weighted tensorized Besov
space T3¢ B(R?) via
: 2 _ 2\ .
L B®Y) = {f € S®) : |flggm < oo}

where

1
||f||T;,‘gB = ( Z 2((1-1-(1) max(j)+(1—a) mm(]))sq“A;f”g) q
JENd

with the usual modification in case ¢ = oo.
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Extension to gaussian fields : wavelet analysis
Definition
Forp,q € (0,+0],s € R and « € [0, 1], we define the weighted tensorized Besov
space T3¢ B(R?) via
s 2\ _ 2y .
B = {f € S'®) : |flrgp < o0},

where

”f”T;,’g‘B = ( Z 2((1+a) max(j)+(1-«) mm(]))sq||A§f||g>
JENd

with the usual modification in case ¢ = oo.
» for a = 0, the space is the Besov space of dominating mixed smoothness
2
Sg,qB(R ).
» for o = 1, the space is the hyperbolic Besov space ngq(Rz).

» The space does not depend on the hyperbolic resolution of unity. Moreover,
can be chosen with an arbitrary compact support.
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Choose 6, as the Fourier transform of a Meyer scaling function 8y = &.
Theorem
Letp,q € (0,+00],s € Rand o € [0,1]. Then, f € T3¢ B(R?) if and only if
lle5,5 (Olesas
1
G1+d2) = e 4\ 9
::( Z 9= 2L o~ ((14a) max(j)+(1—a) mm(msq( Z IC;,;;(f)Ip) ) <400
J€(No U{—1})2 kez?

Moreover, there exist two constants A and B such that
Alle; g(Dllees < N fllzges < Blles 5(H)llesas

Theorem

The Meyer wavelet basis is an unconditional basis of T;ﬁB(RQ).
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Proposition

Fors € R, p,q € (0,+0c] and « € [0, 1], one has
> S5 B(R?) < TS0 B(R?) < S5, B(R?)
> B(R?) < Ty (R%) < By ™ (R?)

> B2, (R?) < T5o(R?) — BUTYe (R?)

p,q,logB1 P,q,logB2
Moreover, these embeddings are optimal at fixed p, q.
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Perspectives

100 200 300 400 500

B. Vedel
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis
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Wavelet analysis of processes and fields Extension to gaussian fields : wavelet analysis

Thank you for your attention

B. Vedel (Université de Bretagne Sud) Random wavelet series Chemnitz, Septembre 2024 32/32



	Generalities on stochastic processes
	Regularity of the sample paths

	Synthesis of Random wavelet series
	Introduction : comparison with trigonometric system
	Continuity and boundeness
	pointwise regularity

	Wavelet analysis of processes and fields
	Brownian motion
	Extension to fractional brownian motions
	Extension to gaussian fields : wavelet analysis


