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Generalities on stochastic processes Definition and existence

Let (2, A, P) a probability space. Let I C R be an interval.

Definition (stochastic process)

A continuous-time stochastic process {X; : ¢t € I} on (2, .4, P) is a family of random
variables on ({2, A, P) with values in R and indexed by I.

We will also consider stochastic fields indexed by D C Rd, d> 2.
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variables on ({2, A, P) with values in R and indexed by I.

We will also consider stochastic fields indexed by D C Rd, d> 2.

A continuous-time stochastic process depends on 2 parameters : w € Qandt € [ :
> Forallt € I, X(¢,-) : Q € Ris arandom variable that we will denote by X;
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Generalities on stochastic processes Definition and existence

Let (2, A, P) a probability space. Let I C R be an interval.

Definition (stochastic process)
A continuous-time stochastic process {X; : ¢t € I} on (2, .4, P) is a family of random
variables on ({2, A, P) with values in R and indexed by I.

We will also consider stochastic fields indexed by D C Rd, d> 2.

A continuous-time stochastic process depends on 2 parameters : w € Qandt € [ :
> Forallt € I, X(¢,-) : Q € Ris arandom variable that we will denote by X;

> Forallw € Q, X(-,w) : t € I is areal-valued function, called a sample path.
The study of the properties of the sample paths of the stochastic process is an
important part of the theory of stochastic processes.
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Generalities on stochastic processes Definition and existence

Definition (Finite dimensional laws)

The finite dimensional laws of a stochastic process {X; : ¢t € I'} are given by the
collection of the disitributions of probability of the vectors

(th, ...,th), néeN,ty,...t, €I
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Generalities on stochastic processes Definition and existence

Definition (Finite dimensional laws)

The finite dimensional laws of a stochastic process {X; : ¢t € I'} are given by the
collection of the disitributions of probability of the vectors

(Xt), o X ) n €N, ty, .ty €I

They are characterized by the family of cumulative distribution functions
{F~ . :mneN, ty, .. t, €I} givenby

Ft)l(,“,ytn(a‘:l7 71‘77/) = P(th S x17Xt2 S Z2, "'7th S xn)

foralln € Nand tq,...,t, € I.
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Generalities on stochastic processes Definition and existence

Definition (Equality of processes.)

@ The two stochastic processes X and Y are said to be equal in the sense of
finite-dimensional distributions (f.d.d.) if for all n € Nand t4,....,t, € 1,

FX(ty,ty) = FY (t1, .., ty)

and we note X fdd. Y.
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Generalities on stochastic processes Definition and existence

Definition (Equality of processes.)

@ The two stochastic processes X and Y are said to be equal in the sense of
finite-dimensional distributions (f.d.d.) if for all n € Nand t4,....,t, € 1,

FX(ty,ty) = FY (t1, .., ty)

and we note X fdd. Y.

® We say that X and Y are modifications or versions of each other if they are
defined on the same probabily space and if

PIX,=YV]=1 Vtel
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Generalities on stochastic processes Definition and existence

Definition (Equality of processes.)

@ The two stochastic processes X and Y are said to be equal in the sense of
finite-dimensional distributions (f.d.d.) if foralln € Nand ¢4, ..., t, € I,

FX(ty,ty) = FY (t1, .., ty)

and we note X fdd. Y.

® We say that X and Y are modifications or versions of each other if they are
defined on the same probabily space and if

PIX,=YV]=1 Vtel

©® We say that X and Y are indistinguishable if they are defined on the same
probability space (2 and if there exists IV C (2 neglectable such that

X(t,w)=Y(t,w), Vtelandwe Q\N.
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Generalities on stochastic processes Definition and existence

Proposition

X andY indistinguishable =- X andY are versions of each other
= X andY have same f.d.d.
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Generalities on stochastic processes Definition and existence

Let us mention also the existence of stochastic processes for consistent finite
dimensional distributions. A family of f.d.d. {PP;, .. ., n € N,t1,...,t, € I} is said to
be consistent if

@ For all permutation T,

Ptﬂl)’._,tw(n))[Aﬂ(l) X ... X Aﬂ.(n)] = ]Ptl,.‘.,tn [Al X ... X An]

forall Aq,..., A, € A,

® Forallt,; €1,

Py, .. [AXR] =Py, .1, [4]

Stn
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Generalities on stochastic processes Definition and existence

Let us mention also the existence of stochastic processes for consistent finite
dimensional distributions. A family of f.d.d. {PP;, .. ., n € N,t1,...,t, € I} is said to
be consistent if

@ For all permutation T,

Piyrtmo) [An() X oo X Agmy] = Py g, [Ar X X Ay

forall Aq,..., A, € A,

® Forallt,; €1,
Pt17~~-7tn+1 [A X R] = ]P)tlan-ytn [A]

Theorem (Kolmogorov consistency theorem)

Let us consider for alln € N, t1, ..., t, € I a probability measure Py, . .. .Suppose
that the collection Q = {Py, _;.,n €N, t1,...,t, € I} is consistent. Then, there
exists a probability space (2, A, P) and a stochastic process X on (2, A, P) such
that X admits Q) as its finite dimensional distributions.
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Generalities on stochastic processes Regularity of the sample paths

A major result is given by the following theorem

Theorem (Kolmogorov-Chenstov theorem)

Let X a stochastic process indexed byt € I, with I an interval. If there exists
a, 3 > 0 and a constant C > 0 such that

E[|X, — X,|"] < CJt — s|'*7
for all s,t € I, then there exists a version X of X whose sample paths are locally
~-héliderian for all v €)0, B/a] that is :

For allw € Q, for all compact K C I, there exists a constant C.,(K) such that

X (t) = X(s)| < Cu(K)|t—s|", Vt,s€K.
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Generalities on stochastic processes Regularity of the sample paths

Let (12, .4, P) a probability space.

Lemma (Borel-Cantelli lemma)

If the sequence of events (A, )nen satisfies

Z]P’ ) < 400

P(limsup A,) ﬂ U Ag) =

n k>n

then

which means that the probability that infinitely many of the events A,, occur is null.
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Generalities on stochastic processes Regularity of the sample paths

Definition
A stochastic process { X (), ¢ € I'} is gaussian if all its finite dimensional laws are
gaussian, or equivalently, iff forallp € N, aq,...a, € Rand ty,...,t, € I

a1 X (t1) + ..+ ap X (¢,)

> They are characterized by m(¢) = E X (¢) and the covariance operator
K(t,s) = Cov(X(t), X(s))

» K is symmetric and Vp € N, (1, ...,t,) € I, the matrix (K (t;,t;))1<i,j<p IS
positive semi-definite.

» For any m and for such K, there exists a gaussian process of mean m and of
covariance operator K
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Generalities on stochastic processes Regularity of the sample paths

Proposition (Gaussian Kolmogorov-Centsov )

Let X a centered gaussian process with covariance operator K. If there exists ¢ > 0
and C > 0 such that

K(t,t) + K(s,s) —2K(t,s) < CJt — s

forallt,s € I, then there exists a version X of X whose sample paths are locally
Hélder of exponent ~y for all v €]0, € /2].
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Synthesis of Random wavelet series ion : ison with tri

The trigonometric system {e,, }cz given by
en(t) — 6i27rnt

is a orthonormal basis of L?(T).
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Synthesis of Random wavelet series ion : i with tri ic system

The trigonometric system {e,, }cz given by
en(t) — 6i27rnt

is a orthonormal basis of L?(T).

Problems of convergence in other spaces :

» 1848 - Henry Wilbraham : Gibbs phenomenon : The Fourier expansion of a
piecewise C' function may diverge around the discontinuity.
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Synthesis of Random wavelet series ion : ison with tri ic system

The trigonometric system {e,, }cz given by
en (t) _ ei27rnt

is a orthonormal basis of L?(T).

Problems of convergence in other spaces :

» 1848 - Henry Wilbraham : Gibbs phenomenon : The Fourier expansion of a
piecewise C! function may diverge around the discontinuity.

» 1873 - Du Bois-Reymond : The Fourier series of a continuous funciton may
diverge at some points

» 1926 - Kolmogorov : There exists a function in L' such that its Fourier series
diverges almost everywhere

» 1965 - Kahane and Katznelson : for every null set N, there exists a continuous
function such that its wavelet series diverges on every x € N.
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Synthesis of Random wavelet series ion : i with tri ic system

Une fonction continue et 27-périodique dont la série de Fourier
diverge en 0
Gourdon, Analyse, page 262

Exercice :
1. Soit f:R — R la fonction paire, 2r-périodique, telle que

Vz € (0,7, f(z) = sz%sin [(2”3 + 1) g]

p=1
Veérifier lexistence et la continuité de f sur R.

2. Pour tout v € N, on pose
™ 2v + 1)t !
VrneN, an,= / cos nt sin %dt, VgeN, s = Zaiy,,
0 i=0

Calculer explicitement les ay, ,,, montrer que s, > 0 pour tout (g, v), et montrer

'existence d’une constante B > 0 telle que s,,,, > Blnv pour tout v € N*.

3. Montrer que la série de Fourier de f diverge en 0.
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Synthesis of Random wavelet series ion : ison with tri ic system

Une série de Fourier-Lebesgue divergente presque
partout.
Par

A. Kolmogoroff (Moscou).

Le but de cette Note est de donner un exemple dune fonction
sommablet) dont la séric de Fowrier diverge presque partout (c'est-d-
dire: partout sauf aux points d’un ensemble de mesure nulle).

La fonction construite dans cette note est & carré non sommable
et je ne sais rien sur Pordre dé grandeur des coefficients de sa
série de Fourier. Les méthodes employées ici ne permettent pas
de construire une série de Fourier divergente partout.

L Je vais démontrer plus loin l'existence d'ude suite de fone-
tions: @,(@), Po(2)... P.(2)... définies pour 0 =« = 27 et jouissant
de propiétés suivantes:

ka Wirtualna Matematyk

\
v
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Synthesis of Random wavelet series ion : i with tri ic system

1873 - Du Bois-Reymond : The Fourier series of a continuous funciton may diverge at
some points.

Theorem

1909 - Haar : This property is not inherent to any decomposition in an orthogonal
basis.

Haar basis :

@
{zﬂ/%( —k),j>0,k=0..27 -1

where ¢ = 1jg yyand ¢ = 11g,1/2) — 111/2,1)
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Synthesis of Random wavelet series ion : i with tri ic system

Proof. It is easy to see that the system in orthonormal. Consider for 5 > 0

Vi ={22p(27 - —k), k=0.27 =1} = {2/°1 gy k=0.277"}
’27

2]
and remark that N
Vim=V;oW;

where ' ' '
W; = {27227 - —k),k = 0..27 — 1}.
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Synthesis of Random wavelet series ion : i with tri ic system

Proof. It is easy to see that the system in orthonormal. Consider for 5 > 0

27

Vi ={22p(27 - —k), k=0.27 =1} = {2/°1 gy k=0.277"}
27

and remark that N
Vien =V; @ W

where ' _ _
W; = {27227 - —k),k = 0..27 — 1}.

In order to show that the system is total we prove that | J V; is dense in L*(T).
But

@ The set of continuous function is dense in L?(T)
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Synthesis of Random wavelet series ion : i with tri ic system

Proof. It is easy to see that the system in orthonormal. Consider for 5 > 0

Vi ={22p(27 - —k), k=0.27 =1} = {2/°1 gy k=0.277"}
J

277 2
and remark that N
Vien =V; @ W
where
W; = {27227 - —k),k = 0..27 — 1}.
In order to show that the system is total we prove that | J V; is dense in L*(T).
But
@ The set of continuous function is dense in L?(T)
® A continuous function f on T is well approximated on 277k, 279 (k + 1)) by
(f;:jjk(kﬂ) f(t)dt> 2 13-ik,23 (k1))
= (,2%p(Yx — k))2Pp(2z — k)
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J
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and remark that N
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where
W; = {27227 - —k),k = 0..27 — 1}.
In order to show that the system is total we prove that | J V; is dense in L*(T).
But
@ The set of continuous function is dense in L?(T)
® A continuous function f on T is well approximated on 277k, 279 (k + 1)) by
(f;:jjk(kﬂ) f(t)dt> 21 (p-ik 23 (k1))
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Synthesis of Random wavelet series ion : ison with tri ic system

Proof. It is easy to see that the system in orthonormal. Consider for 5 > 0

Vi ={22p(27 - —k), k=0.27 =1} = {2/°1 gy k=0.277"}
J

270 2
and remark that N
Vitr=V; © W
where
W; = {27227 - —k),k = 0..27 — 1}.
In order to show that the system is total we prove that | J V; is dense in L*(T).
But
@ The set of continuous function is dense in L?(T)
® A continuous function f on T is well approximated on 277k, 279 (k + 1)) by
(f;:jjk(kﬂ) f(t)dt> 21 (p-ik 23 (k1))
= (,2%p(Yx — k))2Pp(2z — k)
® ||f — Py, flloc = 0 when j — 400
O In particular, the Haar series of a continuous function f converges uniformly to f.
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Synthesis of Random wavelet series ion : ison with tri ic system

The Haar system allow to have uniform convergence of the series to continuous
functions with discontinuous functions !
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Synthesis of Random wavelet series ion : ison with tri ic system

The Haar system allow to have uniform convergence of the series to continuous
functions with discontinuous functions !

1980’s : Wavelet Analysis, Morlet, Meyer, Daubechies, Mallat
We can construct multiresolution analysis (sets V; and 1¥;) generated by functions
 and 1) such that

© The system
{o(- — k), ke ZyU{2?¢(2 - —k), j €N, k € Z}

is an orthonormal basis of L%(R)

® The functions  and v can be as regular as we want, with compact support and
1 has with null moments ( [ 2™ (z)dz =0, 0 < m < M)

® The functions ¢ and ) can be C'*° with fast decay and v has all its moments null.
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Synthesis of Random wavelet series ion : ison with tri ic system

db7 dbB db& db10
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Synthesis of Random wavelet series ion : i with tri ic system

Definition
A sequence (e, ) of a separable Banach space X is a Schauder basis if for any
f € X there exists a unique sequence (a,,) such that

N
Zanen —f inX
n=0
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Synthesis of Random wavelet series ion : ison with tri ic system

Definition
A sequence (e, ) of a separable Banach space X is a Schauder basis if for any
f € X there exists a unique sequence (a,,) such that

N
Zanen = f inX
n=0

The sequence (e,,) is an unconditional basis of X if convergence also takes place
after permutation of the elements of the series, or equivalently

» the series En €, an ey converges in X for any choice of signs €,, = +1.

> there exists C' > 0 such that for any finite subset N C N, any real numbers (a,,)
and for any choice of signs (e;,)

[ Z €nanenl|x < O Z anenl x

neN neN

> The series > A\,ane, converges for any (\,) € £>°(N)
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Synthesis of Random wavelet series ion : ison with tri ic system

The trigonometric system is a Schauder basis of LP(T) for any 1 < p < +o0 but is an
unconditional basis only for p = 2.
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Synthesis of Random wavelet series ion : i with tri ic system

The trigonometric system is a Schauder basis of LP(T) for any 1 < p < +o0 but is an
unconditional basis only for p = 2.

Theorem ( de Leeuw, Katznelson and Kahane - 1977)
If (a,,) € £*(N), then the series
Z bren

is continuous for some (by,) with |b,,| > |ay].

Consequence : the shrinkage of the Fourier coefficients can introduce discontinuities
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Synthesis of Random wavelet series ion : i with tri ic system

The trigonometric system is a Schauder basis of LP(T) for any 1 < p < +o0 but is an
unconditional basis only for p = 2.

Theorem ( de Leeuw, Katznelson and Kahane - 1977)
If (a,,) € £*(N), then the series
Z bren

is continuous for some (by,) with |b,,| > |ay].

Consequence : the shrinkage of the Fourier coefficients can introduce discontinuities

The result was extended by Nazarov to any orthonormal basis (e,,) such that
lenlly = C.
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Synthesis of Random wavelet series ion : i with tri ic system

Theorem (Paley and Zygmund - 1932)
For all1 < p < 400, the Rademacher Fourier series

Z €n Gy, cOS(27N1)

belongs almost surely to L?(T) iff (a,,) € £*(N)

— The randomization of a Fourier series has a regularization effect.
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Synthesis of Random wavelet series ion : i with tri ic system

Wavelet bases (if regular enough) are unconditional bases of numerous spaces such
as

@ Lebesgue spaces LP(R), for 1 < p < +00
@® Sobolev spaces [ (R) fors € R, 1 < p < +00
® Besov spaces B;,q(]R) fors e R,p,qg € R

with equivalence of the norm of f and a norm on the modulus of the coefficients of its
wavelet series.
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Synthesis of Random wavelet series ion : i with tri ic system

Wavelet bases (if regular enough) are unconditional bases of numerous spaces such
as

@ Lebesgue spaces LP(R), for 1 < p < +00
@® Sobolev spaces [ (R) fors € R, 1 < p < +00
© Besov spaces B, ,(R) for s € R,p,qg € R

with equivalence of the norm of f and a norm on the modulus of the coefficients of its
wavelet series.
Note that

» L>°(R) is not separable
» C(T) has a Schauder basis but does not have unconditional bases
» L'(R) has no unconditional basis
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Synthesis of Random wavelet series ion : i with tri ic system

@ What results if we replace Rademacher sequences with gaussian variables ?
® What results for L> and or C°?
© What results on pointwise regularity ?
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Synthesis of Random wavelet series ion : ison with tri ic system

e LP(T),1 < p < +o0 is stable for Rademacher randomization of the coefficients of
the wavelet series.
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Synthesis of Random wavelet series ion : i with tri ic system

e LP(T),1 < p < +o0 is stable for Rademacher randomization of the coefficients of
the wavelet series.

Theorem ( Maurey, Pisier - 1973)

Let X a Banach space that does not contain £5° uniformly and (xr»)» be a sequence
of random variables such that sup,, E |x» [P < +oo forall0 < p < +oo. Then

x,, converges unconditionaly in X = nZn CONverges a.s. unconditionaly inX .
y X

= LP(T),1 < p < +o0 is stable for gaussian randomization of the coefficients of the
wavelet series.
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Synthesis of Random wavelet series Continuity and boundeness
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@® Synthesis of Random wavelet series
Continuity and boundeness
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Synthesis of Random wavelet series Continuity and boundeness

Theorem (Pisier and Marcus - 1981)

Consider the two random Fourier series
E €n Ap€y 6t g Xpanen
n n

where

e (¢,,) is a sequence of I.I.D. Rademacher random variables

e (X,,) is a sequence of I.I.D. gaussian random variables

Then, almost surely, both of them are continuous or both of them are unbounded.
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Synthesis of Random wavelet series Continuity and boundeness

Consider ¢, = (27 - —k) and ¢, (f) = 27 [ f(x);x(z)dx

Proposition (C. Esser, S. Jaffard and B.V.)
There exists a function f continuous such that

f= Z ik (F)Y)k
ik

> its wavelet series is normally convergent to f
» the series

> Xiwein(F)ik
ik

is a.s. nowhere locally bounded, where ;. are I.1.D. unbounded random
variables
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Synthesis of Random wavelet series Continuity and boundeness

Consider ¢, = (27 - —k) and ¢, (f) = 27 [ f(x);x(z)dx

Proposition (C. Esser, S. Jaffard and B.V.)
There exists a function f continuous such that

f= Z ik (F)Y)k
ik

> its wavelet series is normally convergent to f
» the series

D xkin(Nk
i,k
is a.s. nowhere locally bounded, where ;. are I.1.D. unbounded random

variables

If the wavelet ¢ is continuous,
e the Rademacher randomization of f is continuous,
e the gaussian randomization of f is nowhere locally bounded
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Synthesis of Random wavelet series Continuity and boundeness

Proposition

Let f be in L>°(T), if the wavelet is 0-smooth then the sequence w, defined by
wj = sup|c;p|
k

belongs to (*°. If, in addition, f is continuous, then w; belongs to cy.
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Proposition
Let f be in L>°(T), if the wavelet is 0-smooth then the sequence w, defined by

wj = sup |¢; k|
k

belongs to (*°. If, in addition, f is continuous, then w; belongs to cy.

Conversely, given a non-negative sequence (w;)

o if (w); € £ andw; = supy, |c; x| then the wavelet series converges to a continuous
function

o if (w;) ¢ ¢*, there exists (c; ;) such that f is nowhere locally bounded.
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Proposition

Let f be in L>°(T), if the wavelet is 0-smooth then the sequence w, defined by
wj = sup |c; k|
k

belongs to £°°. If, in addition, f is continuous, then w; belongs to cy.

Conversely, given a non-negative sequence (w;)

o if (w); € £ andw; = supy, |c; x| then the wavelet series converges to a continuous
function

o if (w;) & €1, there exists (c; i) such that f is nowhere locally bounded.

Proof. (with compactly supported wavelets functions). It is easy to see that
fi = 2k ¢i.k¥j,1 is bounded by Cw;, hence converges normally.
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Irregularity results are more tricky to obtain.

o F = E DAy
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Synthesis of Random wavelet series Continuity and boundeness

Irregularity results are more tricky to obtain.

Lemma

If (wj) is a non-negative sequence such that y_; w; = +oc then there exists a
subsequence j,,, such that j,+1 — j, — +00 and Ejn wj, = +o0.
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Synthesis of Random wavelet series Continuity and boundeness

Irregularity results are more tricky to obtain.

Lemma

If (wj) is a non-negative sequence such that y_; w; = +oc then there exists a
subsequence j,, such that j,+1 — jn — +00 and Ejn wj, = +o0.

Proof. Immediate if we only require j,+1 — j», = N, for a integer V.

One builds the sequence in the following way : we start with (j,,) obtained for N = 2
until the sum is greater than 1, then with elements for N = 3 such that the
corresponding sum is greater than 1 and so on...
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Let (w;) be in £°° but not in ¢! and let ¢; , be compactly supported. Let (j,,) be given
by the lemma : 3, w;, = 400
Idea :
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Let (w;) be in £°° but not in ¢! and let ¢; , be compactly supported. Let (j,,) be given
by the lemma : 3, w;, = 400
Idea :

» 1 piecewise continuous : there exists K such that ) > 0 on K.
» Note K, = {z, 27z — k € K}
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Synthesis of Random wavelet series Continuity and boundeness

Let (w;) be in £°° but not in ¢! and let ¢; , be compactly supported. Let (j,,) be given
by the lemma : 3, w;, = 400
Idea :
» 1 piecewise continuous : there exists K such that ) > 0 on K.
» Note K, = {z, 27z — k € K}
» Consider
w; foronly one selected index k
g,k = .
0 otherwise

> k is selected in the following way : for n great enough, the support of ¢;,. ., 1 is

. o1
included in 5K, .,

and for j ¢ (jn), k is chosen such that Suppy; , N K = ()
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Synthesis of Random wavelet series Continuity and boundeness

Let (w;) be in £°° but not in ¢! and let ¢; , be compactly supported. Let (j,,) be given
by the lemma : 3, w;, = 400
Idea :

» 1 piecewise continuous : there exists K such that ) > 0 on K.
» Note K, = {z, 27z — k € K}
» Consider

w; for only one selected index k
.k = .
0 otherwise

> k is selected in the following way : for n great enough, the support of ¢;,. ., 1 is
included in 1K, k..
and for j ¢ (jn), k is chosen such that Suppy; , N K = ()

» It gives a function with one discontinuity
» One can duplicate the discontinuity by translation.
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Synthesis of Random wavelet series Continuity and boundeness

Proof of the theorem (1/2) : Existence of a continuous function whose randomization is
a.s. nowhere bounded.

» Consider x of same law of x; x
» For all n, one has P(|x| > n3) > 0.
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Proof of the theorem (1/2) : Existence of a continuous function whose randomization is

a.s. nowhere bounded.
» Consider x of same law of x; x
» For all n, one has P(|x| > n3) > 0.
> Hence, there exists (j,,) such that

P(|x| > n®) > 279"
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Synthesis of Random wavelet series Continuity and boundeness

Proof of the theorem (1/2) : Existence of a continuous function whose randomization is
a.s. nowhere bounded.

» Consider x of same law of x; x
» For all n, one has P(|x| > n3) > 0.
> Hence, there exists (j,,) such that

P(|x| = n®) > 277

» Therefore, since there are 27~ coefficients at the scale In

DD Blal 2 n?) = +oo
n k
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Synthesis of Random wavelet series Continuity and boundeness

Proof of the theorem (1/2) : Existence of a continuous function whose randomization is
a.s. nowhere bounded.

» Consider x of same law of x; x
» For all n, one has P(|x| > n3) > 0.
> Hence, there exists (j,,) such that

P(|x| = n®) > 277

» Therefore, since there are 27~ coefficients at the scale In

DD Blal 2 n?) = +oo
n k

> Borel-Cantelli lemma gives a.s. the existence of an infinite number of (j, k»)
such that P(|x; x| > n?)
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Synthesis of Random wavelet series Continuity and boundeness

Proof of the theorem (2/2)
» Consider the series

f= Z % Z%n,k
i K

is normally convergent since > w; = Y & < +o00
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Proof of the theorem (2/2)
» Consider the series

=Y Y
In k

is normally convergent since > w; = Y & < +o00

» its randomization 1
> 2 > X ki k
Jn k

is unbounded (since w ¢ £°°)
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Synthesis of Random wavelet series Continuity and boundeness

Proof of the theorem (2/2)
» Consider the series

f= Z % Z¢jn,k
i k

is normally convergent since > w; = Y & < +o00

» its randomization 1
Z 2 Z Xijn kVjn ke
Jn k
is unbounded (since w ¢ ()

» Since the argument is also true for any dyadic cube A C T, a.s., Xy is nowhere
locally bounded.
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Synthesis of Random wavelet series Continuity and boundeness

Theorem

Let (xj,x) be a sequence of I.I.D. unbounded random variables. For "almost every

function” in C(T), the associated randomized wavelet series is almost surely nowhere
locally bounded.
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Synthesis of Random wavelet series Continuity and boundeness

Theorem

Let (xj,x) be a sequence of I.I.D. unbounded random variables. For "almost every
function” in C(T), the associated randomized wavelet series is almost surely nowhere
locally bounded.

"Almost every function” refers here to the notion of prevalence
e |t provides an extension of the notion of "Lebesgue almost everywhere” in infinite
dimensional spaces
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Theorem

Let (xj,x) be a sequence of I.I.D. unbounded random variables. For "almost every
function” in C(T), the associated randomized wavelet series is almost surely nowhere
locally bounded.

"Almost every function” refers here to the notion of prevalence

e |t provides an extension of the notion of "Lebesgue almost everywhere” in infinite
dimensional spaces

e In infinite dimensional normed spaces, no non-zero Borel measure is both o-finite
and translation invariant
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Synthesis of Random wavelet series Continuity and boundeness

Theorem

Let (xj,x) be a sequence of I.I.D. unbounded random variables. For "almost every
function” in C(T), the associated randomized wavelet series is almost surely nowhere
locally bounded.

"Almost every function” refers here to the notion of prevalence

e It provides an extension of the notion of "Lebesgue almost everywhere” in infinite
dimensional spaces

e In infinite dimensional normed spaces, no non-zero Borel measure is both o-finite
and translation invariant

e In R™ a Borel set B has Lebesgue-measure 0 iff there exists a compactly supported
probability measure p such that (B 4+ ) = 0forallx € X
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Let X be a Banach space.

e A Borel set B of X is Haar-null if there exists a compactly supported probability
measure u such that (B + z) = 0 for all z € R".
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Let X be a Banach space.

e A Borel set B of X is Haar-null if there exists a compactly supported probability
measure p such that (B + x) = 0 for all z € R".

e A set is Haar-null if it is contain in a Haar-null Borel set. The complement of a
Haar-null set is a prevalent set.
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Let X be a Banach space.

e A Borel set B of X is Haar-null if there exists a compactly supported probability
measure u such that (B + z) = 0 for all z € R".

e A set is Haar-null if it is contain in a Haar-null Borel set. The complement of a
Haar-null set is a prevalent set.

o If P is a property that can be satisfied by points of X, one can prove that P only
holds for a Haar-null set by exhibiting a stochastic process whose sample paths live in
a compact subset of X and such that

Vf e X, a.s.f +Y does not satisfy P
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Let X be a Banach space.

e A Borel set B of X is Haar-null if there exists a compactly supported probability
measure u such that (B + z) = 0 for all z € R".

e A set is Haar-null if it is contain in a Haar-null Borel set. The complement of a
Haar-null set is a prevalent set.

e If P is a property that can be satisfied by points of X, one can prove that P only
holds for a Haar-null set by exhibiting a stochastic process whose sample paths live in
a compact subset of X and such that

Vf e X, a.s.f +Y does not satisfy P

We take for Y the Rademacher randomization of the function which had unbounded
gaussianization.
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Synthesis of Random wavelet series Continuity and boundeness

Assume that 1 is continuous. If the sequence (w;) e satisfies

Z\/}wj < 400

J

then the gaussian randomization of a wavelet series for which w; = sup; |c; x| is a.s.

continuous.
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Assume that 1 is continuous. If the sequence (w;) e satisfies

Y Viwj < 4oo
j

then the gaussian randomization of a wavelet series for which w; = sup; |c; x| is a.s.
continuous.

Proposition

Assume that 1) is compactly supported. There exists a wavelet series such that

Z log log < +oo

and its gaussian randomization is a.s. nowhere locally bounded.
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Synthesis of Random wavelet series Continuity and boundeness

An example between the difference of gaussian randomization of a Fourier series and
of a wavelet series.
Let {x} be the "sawtooth function”

v—|z) -1 ifx¢Z

€T =
{} 0 otherwise
Its Fourier series is
= sin(2rma)
I
m=1

Wiener expansion of the Brownian motionon T :

—+oo .
2
B(z) = Vaxor + 3 o Sn@mmz)

™m
m=1

where (x,,) is a sequence of I.I.D. standard gaussian random variables.
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Figure — Effect of the randomization of the Sawtooth function
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© Generalities on stochastic processes

@® Synthesis of Random wavelet series

Pointwise regularity
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Definition

Let 2o € Rand h > 0. A locally bounded function f : R — R belongs to C" () if
there exists C' > 0 and a polynomial P, with deg P,, < | k| such that

|f(x) = Puy (2)] < Clar — o]
on a neighborhood of x(. The pointwise Hélder exponent of f at xg is
ht(zo) = sup{h > 0: f € C"(x0)}.
The iso-Hdlder sets of f are defined for every h € [0, +00] by

If(h) = {:L’O eER: hf(xo) = h}
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L Smiessol Rancom vl soies [
Definition

Let 2o € Rand h > 0. A locally bounded function f : R — R belongs to C" () if
there exists C' > 0 and a polynomial P, with deg P,, < | k| such that

|f (@) = Puy ()] < Clz — ao|"
on a neighborhood of x(. The pointwise Hélder exponent of f at xg is
ht(zo) = sup{h > 0: f € C"(x0)}.

The iso-Hdlder sets of f are defined for every h € [0, +00] by

It(h) ={zo € R: hy(xg) = h}.
Definition
The multifractal spectrum D/ of a locally bounded function f is the function

Dy : h € [0,400] — dimy I¢(h)

where dimy; denotes the Hausdorff dimension.
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Definition

Let )\ be a dyadic interval and 3\ the interval of same center as A and 3 times wider. If
f is a bounded function, the wavelet leader d) of f is defined by

d)\z sup |C)\/|.
AC3A
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Definition
Let )\ be a dyadic interval and 3\ the interval of same center as A and 3 times wider. If

f is a bounded function, the wavelet leader d) of f is defined by

dx = sup |ey].
AC3X

Theorem (2004 - Jaffard)

Leth > 0 and xy € R. Assume that f is a bounded function and that the wavelet has
r vanishing moments withr > |h] + 1.

» If f belongs to C"(x), then there exists C' > 0 such that
Vj>0, dy ) <027 (1)

» Conversely, if (1) holds and if f is uniformly Hélder (i.e. f belongs to C*(R) for
some e > 0), then f belongs to C" (x¢) for all i’ < h.

In particular, if f € C*(R) for some & > 0, then

. . log d)\j (x())
(o) =y
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Let us now consider two parameters o > 0 and 7 € (0, 1).

o F = E DAy
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Let us now consider two parameters o > 0 and 7 € (0, 1).

The signal f = Zj’k 27924, 1, is monofractal :

1 ifh=«
Dy(h) = .
0 otherwise
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Synthesis of Random wavelet series Pointwise regularity

Let us now consider two parameters o > 0 and 7 € (0, 1).
The signal f = Zj’k 277%p; 1 is monofractal :

1 ifh=a

D¢(h) =
f() 0 otherwise

The Lacunary Wavelet Series (denoted by LWS) on T of parameters « and 7 is the

process defined by

271

Fam=_ Y cisthin with cjp=27¢,

JEN k=0

where (&), denotes a sequence of independent random Bernoulli variables of
parameter 2717
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Synthesis of Random wavelet series Pointwise regularity

Theorem
(S. Jaffard) If n < 1, I, ,, is multifractal and almost surely, one has

Ihithe [a, 2],
Dy, ,(h) = pr, ,(h) = .
—o0  otherwise.

Proof. Step 1 : Almost surely, there is J € N such that

dy > sup |C)\/| > 9~ 5 (I+logy j)
ACA

for every A ata scale j > J. In particular, hy(z) < & forevery x € [0,1].
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Theorem

(S. Jaffard) If n < 1, I, ,, is multifractal and almost surely, one has

Ihithe [a, 2],
Dy, ,(h) = pr, ,(h) = .
—o0  otherwise.

Proof. Step 1 : Almost surely, there is J € N such that
d)\ > sup |C)\/| > 2—%(j+log2j)
AN CA

for every A ata scale j > J. In particular, hy(z) < & forevery x € [0,1].
Step 2 : For every ¢ € (0, 1], consider the random sets

Es = lim sup U B (k2_j, 2_5j) ,

Jj—-+oo
» If x € Es, then th,n(x) < %.
> If hF&i,n(x) < §,thenx € Es.
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We need to compute the Hausdorff dimension of lim sup of union of balls.
Theorem (General mass transference principle, Beresnevich,Velani)

Let X be a compact set in R™ and assume that there exist s < n and a,b,rg > 0
such that
ar® <H (BN X) <br’ )

for any ball B of center x € X and of radiusr < rg. Let s’ > 0. Given a ball
B = B(z,r) with center in X, we set

B =B (:v,rs?/) .

Assume that (B, )nen is a sequence of balls with center in X and radius r,, such that
the sequence (1, )nen converges to 0. If

H? (X ﬂlimsupr{) =H*(X),

n—-+oo

then
H <X M lim sup Bn> = H¥(X).

n—-+o0o
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Definition
Let E C Rand d > 0. For s € [0, 1], set

H3(E) = inf {Z diam(4;)" : E C | J A; and diam(A4;) <6 Vi € N} :
€N €N

The ¢-dimensional Hausdorff measure of E is H*(E) = lims_,o #3(F) and the
Hausdorff dimension of E is given by

dimy (E) =inf{s > 0: H*(E) =0} =sup{s > 0: H’(E) = o0}.

We use the usual convention that dimy () = —oo.
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Proposition

Let f =" C; 1t; 1 be a uniform Holder wavelet series, and let

Xp=> Cirxintik
bet its Gaussian randomization. Then

asVt  hy(t) <hx,(t).
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Consider X, a Lacunary wavelet series and X the gaussianization of a sample path
Xl(w) .

Xy = ZZ_jan,k"/)j,k
j.k
for (4, k) such that ¢; 1 (X1 (w)) # 0.

Theorem (C. Esser, S. Jaffard, B.V)

One has
Dx, = Dx,

but
{t, hx, (t) # hx, (1)}

is of full measure.
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Questions :
@ Multifractal analysis of objects living in fractal sets ?
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Questions :
@ Multifractal analysis of objects living in fractal sets ?

@® s it possible to construct a process for which the gaussianized process has a
random spectrum ?
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Synthesis of Random wavelet series Pointwise regularity

Questions :
@ Multifractal analysis of objects living in fractal sets ?

@® s it possible to construct a process for which the gaussianized process has a
random spectrum ?

@® What about the bivariate spectrum

D(hl, h2) = dimH{t, th (t) = hl and hw2 (t) = hQ}?
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